
SBV REGULARITY RESULTS FOR SOLUTIONS TO 1D CONSERVATION LAWS

LAURA CARAVENNA

Abstract. A well-posedness theory has been established for entropy solutions to strictly hyperbolic

systems of conservation laws, in one space variable, with small total variation. We give in this note

an introduction to SBV-regularity results: when the characteristic fields are genuinely nonlinear, the
derivative of an entropy solution consists only of the absolutely continuous part and of the jump part,

while a fractal behavior (Cantor part) is ruled out. We first review the scalar uniformly convex case,

related to Hopf-Lax formula. We report then the case of systems: one has a decay estimate for both
positive and negative waves, obtained considering the interaction-cancellation measures and balance

measures for the jump part of the waves. When the Cantor part of the time restriction of the entropy
solution does not vanish, either the Glimm functional has a downward jump, or there is a cancellation

of waves or this wave balance measure is positive, possible at most countably many times. We mention

then the situation without the assumption of genuine nonlinearity. The Cantor part is in general present.
There are however interesting nonlinear functions of the entropy solution which still enjoy this regularity.

Introduction

We give an informal introduction to an issue of regularity for entropy solutions to strictly hyperbolic
systems of conservation laws, mainly based on [ADL, BiY, Bre, Daf, Rog] and in particular on the joint
work [BiC] of the author with Stefano Bianchini.

In the first section we present the case of a prototype equation, Burgers’ equation

(1) Dt u(t, x) + Dx
u2(t, x)

2
= 0, u : R+ × R→ R.

As an effect of nonlinearity, entropy solutions corresponding to bounded initial data satisfy Oleinik decay
estimate, and they have bounded variation at any positive time. Although BV-functions have a fine
structure, a fractal behavior of the derivative like in the Cantor-Vitali fuction is still allowed (Fig. 1). It
was proved by Ambrosio-De Lellis that this indeed is not the case for this conservation law.

Theorem 0.1 ([ADL]). Let u be an L∞(Ω)-entropy solution to (1), for an open Ω ⊂ R+ × R. Except
at most at countably many times t̄, the derivative Dx u(t = t̄, x) is the sum of an absolutely continuous
measure and of a purely atomic measure, corresponding to the jumps of u at time t = t̄.

We first sketch the construction given by Ambrosio-De Lellis. It relies, by the Hopf-Lax formula, on a
decomposition of the domain into jump points of u and into backward characteristics through continuity
points, which allows the analysis of the push forward of the Lebesgue measure along characteristics. The
Cantor part may be created when positive set of characteristics cannot be extended beyond that time.
We then conclude the first section motivating the same result with a different argument, with the aim of
introducing in a simpler setting the strategy employed for systems. The presence of the Cantor part is
quantitatively related to the formation of jumps.

In Section 2 we review the generalization to strictly hyperbolic, genuinely nonlinear systems

(2) Dt u+ Dx f(u) = 0 f ∈ C2(RN ;RN ).

We remind that the assumption of strict hyperbolicity means that Jf(z) has real eigenvalues λ1(z) < · · · <
λn(z), while the genuine nonlinearity can be expressed as ∇λi(z) · ri(z) ≥ k > 0, where r1(z), . . . , rn(z)
are corresponding right eigenvectors. In the context of the well-posedness theory for entropy solutions
with bounded variation (see [Daf]), the same regularity holds as for the scalar uniformly convex case.

Theorem 0.2 ([BiC]). Let u : Ω → Rn be an entropy solution to (2) with sufficiently small total
variation. Except at most at countably many times t̄, the derivative Dx u(t = t̄, x) is the sum of an
absolutely continuous measure and of a purely atomic measure, corresponding to the jumps of u at time
t = t̄.
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The first step is reducing the problem from the vector measure Dx u to scalar quantities, by a decom-
position of Dx u along ri. The strategy we adopt then is different from the scalar case: computations
are not directly made on the entropy solution but on the wave front-tracking approximations. For those,
we manage to give bounds for the wave balance measure and for the jump wave balance measures, first
defined as distributions. As Oleinik’s estimate was generalized for this class of systems first in [BrC], with
this new measures it s possible to extend it to a complementary decay estimate for negative waves ([BiC]).
The full decay estimate is what answers the question that we reformulated for the scalar quantities.

Section 3 treats the optimality and extensions of this regularity. The genuine nonlinearity assumption
is crucial for ruling out the Cantor part of the derivative of the entropy solution, even for one equation.
There are however interesting nonlinear functions, reducing to f ′(u) for the scalar case Dt u+Dx f(u) = 0,
that always enjoy this regularity. They are called i-th components of the space derivative of λi ([BiY]). In
particular SBV-regularity holds also for fluxes whose second derivative vanishes on a Lebesgue negligible
set ([Rog, BiY]). A result out of the context of entropy solution is obtained instead in [Daf], still under
genuine nonlinearity, but restricted to BV-solutions which are self-similar.

We did not include a part reviewing the literature on the decay estimates of waves, even though it
could have been a natural and interesting insertion.

Figure 1. The Cantor-Vitali function (or Devil Staircase)

1. The scalar case for Burgers’ equation

We firstly outline the idea behind two proofs of the SBV regularity result in the scalar case: first
the one originally given in [ADL], then the approach by front-tracking that we followed for the case of
systems.

1.1. Statement and notation. The Cauchy problem for Burgers’ equation Dt u + Dx
u2

2 = 0 on the
half-plane (t, x) ∈ R+ × R, starting from a ‘generic’ smooth data u(t = 0, x), develops at most finitely
many discontinuity curves, and it remains smooth out of them [Sch]. It may however happen that
some particular smooth data develop infinitely many discontinuities (Figure 2) and, as well as for initial
data which are bounded, the solution is found in general in the space of functions of locally bounded
variation [GL, Ole]. The space of functions of bounded variation (BV) contains also functions which are
continuous but whose derivative has a fractal behavior, like the Cantor-Vitali one, which is monotone,
almost everywhere differentiable with vanishing derivative, but runs continuously from 0 to 1 (Figure 1).
The special functions of bounded variation (SBV functions) are what better generalize the concept of
piecewise Sobolev functions and rule out this fractal behavior of the derivative.
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The regularity result object of this note states that this fractal behavior of the derivative is essentially
not present for entropy solutions of strictly hyperbolic systems of conservation laws whose fields are
genuinely nonlinear [ADL, BiC]. In particular, in the scalar case this means for uniformly convex fluxes.

Definition 1.1. An integrable function v : R → RN is a special function of bounded variation if its
distributional derivative is the sum of a finite, absolutely continuous Borel measure and of a purely
atomic finite measure.

Theorem 1.2 (Ambrosio–De Lellis). Consider an entropy solution u : R+ × R → R with bounded

variation of the scalar conservation law Dt u+ Dx
u2

2 = 0. Then there exists an at most countable set of
times N such that for t̄ /∈ N the restriction u(t = t̄, x) is a special function of bounded variation.

1.1.1. The statement for the two variables. Instead of looking at the time sections u(t = t̄, ·) of u, one can
state the consequent result for the function of the two variables u(t, x). We give now a rough (hopefully
intuitive) presentation and we refer to [AFP, CD] for precise notations and proofs.

We remind that u : R+×R→ R has locally bounded variation if the distributional derivatives ∂tu, ∂xu
are (locally) finite Borel measures. This implies a particular structure (see Sections 3.8, 3.9 in [AFP]).
One of the features is that the set of approximate discontinuity points can be covered by finitely or
countably many Lipschitz curves, plus a Lebesgue negligible subset of the plane, while elsewhere the
function u is approximatively continuous.

When u is an entropy solution of Burgers’ equation this structure improves further. Due to the finite
speed of propagation and to a fine analysis of u (Th. 10.4 in [Bre] for a stronger result), the set of jump
points can be written as the union of countably many Lipschitz graphs {(t, γi(t))}i∈I,t∈[ai,bi], I ⊂ N,
except for at most countably many points. We mention however that we would not have contradictions
in the constructions below in choosing {(t, γi(t))}i∈I,t∈[ai,bi] which only cover the jump set, and possibly
also include some points where u is continuous: in writing the jump part of u below we would just have
at those points coefficients u+ − u−, f(u+)− f(u−) which would vanish.

Remark 1.3. This countable covering does not contradict the uncountability of ‘discontinuity lines’
underlined by Li Bang-He ([Li1]): we just have different notations. Fix the attention on a non-increasing
initial data. He counts the set of maximal Lipschitz curves {(t, γ(t)) : (tγ ,+∞)→ R+ × R} which have
image discontinuity points of u, maximal in the sense that he rules out the restrictions to subintervals.
They are in bijective correspondence with the ‘origin points’ of discontinuities {(tγ , γ(tγ))}.

In order to visualize better the difference, focus on a ramified discontinuity pattern like the one in
Figure 2, even if it is not accurate. The number of discontinuities at fixed time decreases in time. Counting
them from the future, the are 1, 2, 4 . . . , 2k, . . . In particular, it is clear that 1 + 2 + · · ·+ 2k = 2k+1 − 1
curves, each living on different time intervals, cover the jump set from ∞ up to a certain time bigger
than 1, and countably many ones cover all the jump set. Each maximal Lipschitz curve γ defined by
Li Bang-He can instead be associated to a sequence .1011001 . . . , where the k-th digit is 0 if at the k-th
bifurcation, from the future, the curve γ proceeds on the left side, while 1 if it proceeds on the right. In
particular, as he claims they are uncountable, as well as the origin points of discontinuities at time t = 1.

If a continuity point (t, x) of u is an origin point of a shock, then the backward characteristic from
(t, x) lives precisely up to time t.

If u±(t, x) denote the approximate left and right limits at approximate jump points, the distributional
derivative Du is a locally finite vector Borel measure on R+ × R of the form

Du =
(

Dt u
Dx u

)
= Da u+ Dj u+ DC u,

with the absolutely continuous part Da, the jump part Dj and the Cantor part DC defined by

Da u = ∇uLn, with ∇u denoting the approximate differential;

Dj u(B) =
∑
i∈N
∫ (−[f(u+)−f(u−)]

u+−u−

)
(t, γi(t)) dt;

DC u the remaining part, which in particular vanishes on sets which are finite w.r.t. H1.

Notice that the Cantor part DC is the only part not recoverable by a blow-up procedure. One also call
D = Da + DC the diffuse part of the derivative.

Definition 1.4. The function of (locally) bounded variation u : R+ × R → R is a special function of
(locally) bounded variation if its distributional derivative has a null Cantor part.
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Corollary 1.5 (Ambrosio–De Lellis). Let Ω ⊂ R+ × R be an open set. Entropy solutions u ∈ L∞(Ω) of

the scalar conservation law Dt u+ Dx
u2

2 = 0 are special functions of locally bounded variation on Ω.

The fact that here u is assumed bounded instead of requiring bounded variation is mainly due to a
local argument and to the well-known regularising effect of the uniformly convex fluxes, where bounded
data to the Cauchy problem instantaneously acquire locally bounded variation. The fact that Dx u does
not have a Cantor part derives from the slicing theory of BV functions and by the above stated regularity

result for slices at fixed time. By the PDE Dt u = −Dx
u2

2 together with Vol’pert chain rule this implies
in turn that also Dt u is free of Cantor part, details can be found in [ADL]. There is no loss of generality
in focusing below on Ω = R+ × R, by the finite speed of propagation.

1.2. A sketch of the proof. In order to prove that the time sections of u(t, x) are special functions
of bounded variation, the most important point is understanding what happens at those times t̄ when
a Cantor part is present in the space derivative of the restriction u(t̄, x). In this section we first outline
the original argument given by Ambrosio and De Lellis in the case of a single equation, and we introduce
then the different approach which will be used for the case of systems.

t = 0

t = 1

u(t = 1, x)

t=1

t=0

Figure 2. The solution to Burges’ equation with a smooth data develop a singular part.
In the left figure one has the profile of the solution at a given time t = 1, and below some
of the characteristics arriving at that time. Before time t = 1 the solution is absolutely
continuous, and may be taken smooth. On the right picture one has a sketch of the shock
set that is developed immediately after t = 1, with a fractal behavior. This example is
taken from Remark 3.3 of [ADL], emphasizing the presence of the Cantor part at t = 1.
Li Bang-He gave also examples where the origin points of jumps have positive measure.

1.2.1. The original argument. In the proof given by Ambrosio and De Lellis, the authors exploit a natural
partition of the domain into different lines depending upon the entropy solution u that now we describe.
Being in the scalar, uniformly convex case, they can solve the Cauchy problem for the conservation law{

Dt u(t, x) + Dx
u2(t,x)

2 = 0 in R+ × R
u(0, x) = u0(x) with u0(x) ∈ L1(R) ∩ L∞(R)

by the Hopf-Lax formula. As well known, positive waves decay according to the Oleinik E-condition

u(t, x+ y)− u(t, x) ≤ y

t
.

Notice that Oleinik E-condition implies the absolute continuity of the positive part of the measure Du(t, ·),
therefore in the following the focus will be on the negative part in order to show that, apart from its atoms
due to the jumps, it is absolutely continuous. At each time t the suitable representative of u is continuous
except at most countably many jump points, where one has left and right limits. Excluding the jump
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points of u, one can define, here by the Hopf-Lax formula, backward characteristic curves through each
continuity point (t, x): they are straight lines with slope u(t, x) which do not intersect each other and
which go back to the line {t = 0}. At jump points, characteristic lines which were originated at time
0 from different points intersect each other. At jump points thus it is not anymore possible to define
a unique backward characteristic. One can however define the minimal and maximal ones, which have
slope respectively u(t, x−), u(t, x+) and which delimitate a backward cone with vertex (t, x) and basis
on {t = 0}. If one moves points forward in time following characteristics, and follows the jump curve
whenever they collapse, then the basis of each cone is mapped into a discontinuity point. More formally,
one can move points along generalized characteristics, which here are the unique Filippov solution to the
differential inclusion ẋ ∈ [u(t, x+), u(t, x−)] (Figure 3).

t=0

t

Figure 3. A simple generalized characteristic consists, in the picture, of a classical char-
acteristic until it merges into a shock curve, at which point it goes on following the shock
curve. While at continuity points there is a unique backward classical characteristic, at
jump points one considers minimal and maximal ones, drowing a backward cone.

The main ingredient of the proof by Ambrosio and De Lellis consists in estimating the measure F (t)
of the set of initial points {(x, 0) : x ∈ R} which in the way described above are mapped at time t into a
discontinuity point of u(t, ·). This is the measure of the union of the bases of backward cones emanating
from the discontinuity points of u(t, ·), cones whose sides have slope u(x−, ·) and u(x+, ·). Therefore F (t)
is precisely t times the variation of Dj

x u(t, ·). By the non-crossing property of characteristics, moreover,
one can see that F (t) is nondecreasing, as intersecting cones are included one into the other.

One can then conclude observing that the monotone function F (t) has a jump precisely at those times
t where a Cantor part is present in u(t, ·), situation which can therefore occur at most countably many
times. The estimate which could be derived collecting the computations in [ADL] is the lower decay
estimate

F (t+)− F (t−) ≥ −t ·DC u(t, ·),
which is strictly positive when the Cantor part of u(t, ·) does not vanish. Notice that F (t+) − F (t−)
gives precisely the measure of the set of initial points of characteristics which arrive at time t, but which
cannot be prolonged beyond that time because between time t and time t + ε they would cross other
characteristics, for every ε > 0 (Figure 2).

In view of the generalization to the case systems, we adopt in [ADL] another viewpoint for observ-
ing this phenomenon. It is presented now in this simplified setting where it just provides a different
description, and we outline the extension to the case of systems in the next section.

1.2.2. The jump wave balance measure for Burgers’ equation. In the previous argument one estimates
the formation of the Cantor part in Dx u(t, ·) associating it to the initial points of characteristics which
live precisely up to time t: times where the Cantor part is present correspond to disjoint non-negligible
subsets of R, the starting point of characteristics living precisely up to time t, therefore by σ-additivity
they can be at most countably many. Here instead we try to give a more local argument introducing a
new measure, the wave balance measure.
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Given an entropy solution u with bounded variation, one can consider the wave measure ν = Dx u.
Denoting by ∂x, ∂t distributional derivatives, ν = Dx u satisfies the transport equation

0 = ∂t ν + ∂x (ũν) = ∂x

[
Dt u+ Dx

u2

2

]
where ũ(t, x) is defined as u(t, x) at continuity points of u(t, ·) and as u(t,x+)+u(t,x−)

2 at jump points.

One can distinguish the jump wave measure νjump = Dj
x u. Define, for the case of Burgers’ equation,

the jump wave balance measure as the source term in a transport equation for the jump wave measure:

µjump = ∂t νjump + ∂x (ũνjump) .

By the BV-structure mentioned in Section 1.1.1, one can easily compute that

−
∫
ϕ(t, x)µjump =

∑
i∈N

∫
[ϕt(t, γi(t)) + λ(t, γi(t))ϕx(t, γi(t))] ·

[
u(t, γi(t)

+)− u(t, γi(t)
−)
]
dt

=
∑
i∈N

∫
d

dt
ϕ(t, γi(t)) ·

[
u(t, γi(t)

+)− u(t, γi(t)
−)
]
dt.

This gives a precise idea of what is the meaning of this measure. Notice however that it is not a priori
clear that the distribution defined above is actually a measure, as presently we do not know the BV-
regularity in time of the left/right values on the jumps u(t, γi(t)

+) − u(t, γi(t)
−). It is indeed part of

our proof estimating the bound for µjump. As particular cases, notice that it vanishes for nondecreasing
initial data, as they do not develope jumps. It is instead non-positive for nonincreasing initial data, as
there are no cancellations and the size of jumps may only increase in time. It is a signed measure in
general.

Example 1.6. It is clear that µjump (here) measures the variation in time of the jump part of Dj
x u.

When a single jump, which then remains constant later on, is formed at a point (t̄, x̄) we have that
µjump = (u+ − u−) δ(t̄,x̄), where u+ ≤ u− are the right and left values of u at the jump (Figure 3).

Example 1.7. The measure µjump of an horizontal strip delimitated by times t1 < t2 is

µjump([t1, t2]× R) = Dj
x u(t2, ·)−Dj

x u(t1, ·)

We introduced the measure above in order to obtain the following lower estimate for the diffuse part
of Dx u(t, ·). Denote by [µjump]

−
the negative part of µjump. While Oleinik’s estimate gives the upper

bound

[Dx u(t, ·)] (B) ≤ L
1(B)

t
for all Borel sets B,

one can obtain the following complementary lower estimate for Du(t, ·) = Da u(t, ·) + DC u(t, ·):

(3)
[
Du(t, ·)

]
(B) ≥ −L

1(B)

τ − t
− [µjump]

−
([t, τ ]× R) τ > t > 0, B Borel set.

The new measure gives the same quantitative lower bound given by the strategy of Ambrosio-De Lellis,
the different point of view will be useful for the generalization.

We now give an heuristic idea for the above estimate. Consider a space interval B = [a, b] where at
time t there is no jump of u. The first case which may happen is that the characteristics starting from
a, b reach time τ . If so, being u(t, b), u(t, a) the speed of characteristics at a, b, clearly one has

u(t, b)− u(t, a) =
[
Du(t, ·)

]
([a, b]) ≥ −b− a

τ − t
because the constant speed of the characteristics starting from the points a, b is respectively u(t, a),
u(t, b). In particular, the estimate (3) holds with the first addend. If this does not occur, consider the
simplified situation where the characteristics cross each other before τ developing a jump at that moment
(Figure 3): at that point µjump(t̄, x̄) = u(t, b)−u(t, a) and the estimate (3) holds with the second addend.
The general statement is more complex, but the two cases give a good idea of what happens.
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2. The case of genuinely nonlinear systems

In this section we outline how the argument introduced in the scalar uniformly convex case works for
a genuinely nonlinear strictly hyperbolic system

Dt u+ Dx f(u) = 0 f ∈ C2(RN ;RN ).

We try to describe qualitatively the new behaviors that one faces, and why the argument of the scalar
case is still applicable, skipping all the technical details which can be found in [BiC, Bre]. We just remind
that, if λ1(z) < · · · < λN (z) are the eigenvalues of the Jacobian matrix of f(z), then the assumption of
genuine nonlinearity is a uniform convexity assumption of the primitives of each λi(zi(t)), where zi(t) is
an integral curve of the vector field given by the (right) eigenvectors of the Jacobian matrix of f .

This is a different approach than the one by Ancona-Nguyen, exploiting Riemann invariants, used for
genuinely nonlinear Temple systems of balance laws [AnN].

2.1. Dimensional reduction. If we had N uncoupled equations, each one would have his own charac-
teristics and we would study them independently, repeating for each the scalar argument. This is clearly
not the case, but since we are studying solutions with small total variation we can get information from
the linearisation of the system. If λ1 < · · · < λN are the eigenvalues of the Jacobian matrix of f , one can
define i-characteristics by the differential inclusion

ẋi(t) ∈ [λi(u(t, x+)), λi(u(t, x−))].

As one decomposes a vector into its components, one can as well decompose the vector measure Dx u
along a basis of (right) eigenvectors of the Jacobian matrix of f , into N -scalar measures νi, each of which
is called i-th wave measure. In the case of Burgers’ equation, they reduce to the previous definition, while
for a single equation with a different uniformly convex flux function f they reduce to to ν = Dx f

′(u), by
a normalization choice they are not Dx u (Example 5.2 in [BiC]).

This projection reduces the regularity problem for Du to a regularity problem for these scalar measures:
if one can show that each of them is made only by an absolutely continuos part and by a jump part,
then one has the thesis. One can now see the analogy with the scalar case, because we will exclude the
presence of the Cantor part by the decay estimates: for τ > t > θ > 0 and B a Borel set

−C
{
L1(B)

τ − t
+ µICJ((t, τ)× R)

}
≤ [ν̄i(t)](B) ≤ C

{
L1(B)

t− θ
+Q(θ)−Q(t)

}
,

where ν̄i(t) is the non-atomic (called also diffuse) part of νi(t), the Glimm functional Q is a nonincreasing
functional and the interaction-cancellation-jump measure µICJ is a positive, finite measure.

The upper bound, due to Bressan and Colombo [BrC, Bre, BrY], generalizes Oleinik estimate, while
we derived instead the lower bound [BiC]. Notice that this estimate yields the thesis for νi: if there
is a Lebesgue negligible set B where we have a positive Cantor part, then the monotone functional Q
has a jump. If we have a negative Cantor part, then there is an atom of the time marginal of the
interaction-cancellation-jump measure. Both the two situation can occur at most countably many times.

We give below an idea of the derivation of the above decay estimates, sufficient for the thesis.

2.2. A proof by approximation. For the case of systems, i-characteristics are not anymore straight
lines, even when there is not the complication of jumps. Clearly u is non-constant on them. While in
the scalar case the thesis is derived by a direct approach, here it is more difficult. On one hand there are
new behaviors arising from the presence of more characteristic fields which interact. On the other hand,
there is the technical difficulty that u restricted to i-characteristics is much more difficult to analyze, and
a direct approach would pass through this. The technical difficulty is presently overcome proving the
estimate with a limiting procedure by front-tracking approximations. As well known, these are piecewise
constant approximations of the solution to the Cauchy problem which are obtained piecing together
(approximate) solutions to Riemann problems, we refer to the monograph [Bre] for more details.

An essential intermediate step toward the estimate is the global structure of solution established by
Bressan and LeFloch [BLF]. They gave an algorithm for distinguishing in the front-tracking approxima-
tions a jump part—roughly made by jumps of size over a threshold—and the remaining continuous part,
and they proved a fine convergence for the two parts.
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In particular, we would like to study, as for the scalar case, for each characteristic field i the wave
balance measure and the jump wave balance measure

µi := ∂t νi + ∂x

(
λ̃iνi

)
µi,jump = ∂t νi,jump + ∂x (ũνi,jump) ,

where νi is the i-th wave measure introduced in Section 2.1 and νi,jump is its jump part. However, it
is much easier defining and studying the same quantity in the front tracking approximations because in
each approximation the measures will consist of finitely many atoms at interaction points. The proof
that the above defined distributions are actually measures, as we claimed, relies on uniform estimates
given for the corresponding measures in the front-tracking approximations. These estimates rely on the
known interaction-cancellation measures ([Bre]). For controlling the negative par to of µi,jump we however
need a nonlocal argument. Indeed, µi,jump is not absolutely continuous w.r.t. the interaction-cancellation
measure. After providing uniform estimates for the front tracking approximations, due to the mentioned
theorem on the global structure of solution, passing to non-sharp bounds for the limit is just technical.

2.3. Estimates for wave balance measures and jump wave balance measures. In the following,
we will not mention anymore that we are working with the wave front-tracking approximations and not
directly on the solution. As well, we will fix a single characteristic field and we will focus on that one.

Suppose two fronts interact at one point P , which is the unique interaction at that time. The first
estimate is natural: by the definition of the wave balance measure one can see that

µi(P ) = νi({t} × R)− lim
ε↓0

νi({t− ε} × R).

By the classical interaction estimates (see for example Lemma 7.2 in [Bre]), this quantity is controlled
by the measure of interaction µI , in this case equal to a delta measure in P with size the product of the
strengths of the incoming waves.

In a similar way, one can estimate

µi,jump(P ) = νi,jump({t} × R)− lim
ε↓0

νi,jump({t− ε} × R).

Estimating this amount is much more tricky. If two i-jumps merge, then one can still apply the classical
interaction estimate at the point of interaction getting that µi,jump(P ) is controlled by the interaction-
cancellation measure. If instead, for example, a shock gets cancelled, then the estimate is not anymore
at one point but one should look backward at the value of the interaction-cancellation measure along the
shock front γ, before it was cancelled. The result is that µi,jump is not anymore absolutely continuous
w.r.t. the interaction-cancellation measure, otherwise it would not be capable of capturing the formation
of the Cantor part. It is indeed a new measure, only the value of its total variation on the half-plane,
|µi,jump|(R+×R), can be controlled by the total interaction cancellation of R+×R, not µi,jump itself (see
Lemma 5.4 in [BiC]).

Very roughly, the interaction cancellation measures were meant to give balances for the total amount
of i-th waves entering/exiting a region of the plane and, separately, also for the positive and negative
part of them. The jump wave balance measure permits instead balances regarding only the jump part of
the waves, and consequently balances also for only the continuous part. In particular, if one considers a
trapezoidal region T with basis J(tt0), J(t) at times t0 < t and sides minimal i-th characteristics without
interaction points, the front-tracking approximations satisfy a balance of the kind

νi(t)(J(t))− νi(t0)(Jt0) ≤ µi,jump(T ).

2.4. The decay estimate. As mentioned, there is a wide literature on the decay of positive waves, with
different important contributions, which we are not reporting here. We try to justify here the decay
estimate for the negative part of the wave measures µi relative to an interval B = [a, b], as made for the
scalar case. It follows the guideline of the proof which had beed given for the positive part, but it clearly
needs the new estimates mentioned above involving the wave jump balance measure.

We want to prove that the diffuse part ν̄i of νi satisfies

(4) [ν̄i(t)]([a, b]) ≥ −C
{
b− a
t

+ µICJ ({(x, s) : a(s) ≤ x ≤ b(s), t ≤ s ≤ τ})
}
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where a(t), b(t) are i-characteristics starting from a, b at time t, the interaction-cancellation-jump measure
is the sum of the variations of the measures above µi, µi.jump for i = 1, . . . , N .

Focus the attention only on i-th fronts, because the further interference of the others that we hide can
be controlled. Suppose moreover that they are negative, since we are considering the lower estimate. The
genuine nonlinearity implies

d

ds
(b(s)− a(s)) ≤ νi(s),

corresponding to approaching i-characteristics. Two cases may happen.
In the first case two characteristics may keep on approaching at a uniform positive rate, namely

d

ds
(b(s)− a(s)) ≤ [ν̄i(t)]([a, b])

4
∀s ∈ [t, τ ].

In this case integrating in s one has immediately (4) with the first addend.
If the one above is not the case, at some time s̄ we will have the reverse inequality

[ν̄i(t)]([a, b])

4
<

d

ds
(b(s̄)− a(s̄)) ≤ [ν̄i(s)]([a(s), b(s)]),

where the last inequality follows by genuine nonlinearity. By the balances for the jump part mentioned
above, however, the waves exiting the region at time s are controlled by the ones entering the region at
time t and by the interaction-cancellation-jump measure of the region:

[ν̄i(s)]([a(s), b(s)]) ≤ [ν̄i(t)]([a, b]) + CµICJ ({(x, r) : a(r) ≤ x ≤ b(r), t ≤ r ≤})

The last two inequalities give the estimate (4) with the second addend.

3. Optimality, extensions without nonlinearity and counterexamples

It is worth mentioning that the issue of SBV-regularity presented for Burgers’ equation reads also
as a regularity result for the associated Hamilton-Jacobi equation. In that direction, the result has
been extend first in a work by Bianchini-De Lellis-Robyr to the case of multidi-D uniformly convex
Hamiltonians depending only on the gradient of the viscosity solution [BDR], then by Bianchini-Tonon in
the case firstly of a uniformly convex Hamiltonian also dependent on (t, x) [BT1], and secondly relaxing
the assumption of uniform convexity [BT2].

We mention here instead the extensions still related to 1D-conservation laws.

3.1. A counterexample concerning convex fluxes. We illustrated above the regularity result for the
Burgers’ equation as a prototype of the scalar conservation law with uniformly convex flux. It is sharp
in the sense that one can really have a Cantor part at countably many times (variation of Figure 2),
but not more than countably many. We want first to mention still in the scalar case that the hypothesis
of uniform convexity is not relaxable to strict convexity, the regularity present is really an effect of the
nonlinearity, as it is Oleinik estimate.

Example 3.1. Consider a flux f ∈ C2(R) with f ′′ ≥ 0 vanishing on a set which has positive Lebesgue
measure. A particular flux is constructed as follows. Let w(x) = v(x) + x, where v : [0, 1] → [0, 1] is
the (non-decreasing) Cantor-Vitali function (Figure 1). The function w is continuous, strictly increasing
from 0 (at 0) to 2 (at 1). Set f ′ = w−1 its inverse, which is then a monotone Lipschitz function. The

primitive function f(z) is therefore continuously differentiable (W 2,∞
loc (R))—it could as well be taken twice

continuously differentiable by minor modifications of v—and it has a strictly convex epigraph. However,
if one considers the Riemann problem with left value 0 and right value 2, the self-similar solution is fixed
by u(t, x) = w(x/t) (see e.g. Theorem 4 in [Eva]). It has therefore a Cantorian part at all positive times.

It is important noticing in this example that the nonlinear function of u defined by f ′(u(t, x)) =
x/t belongs to SBVloc(R), and that this quantity is particularly interesting because it is the slope of
characteristics. Indeed, what happens is that f ′′ vanishes on the image, by u(t, ·), of the Cantor set where
the Cantor part of Dx u(t, x) is concentrated, and this brings a null Cantor part for the composition:

DC f ′(u(t, ·)) = f ′′(u(t, ·)) DC u(t, ·) = 0.
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3.2. Extensions without convexity. The first extension of the SBV-regularity result, by Robyr, has
been for a single balance law, where the second derivative of the function may vanish on at most countably
many points and the source term, depending on space, time and on the solution, must be continuously
differentiable. The lack of convexity is overcome by using an appropriate covering of the domain and
working locally in order to reduce the problem to the convex or concave case. The presence of a source
term, which is treated basically for the convex flux case, implies that characteristics are not anymore
straight lines, but in general Lipschitz curves. However, the author can deal with it by the non-crossing
property between genuine characteristics, which permits to reproduce the situation that one has without
the source term.

A generalization for the single conservation law has now been given by Bianchini-Yu [BiY]. They
show that the SBV-regularity result holds for f ′(u(t, x)). In particular, if f ′′(z) vanishes on a Lebesgue-
negligible set, the SBV-regularity holds also for u(t, x). The result for f ′(u(t, x)) is clearly of independent
interest because it is a physically relevant quantity.

The proof still relies on a local argument where one applies the result in the convex or concave case, by
a more careful partition of the space-time domain. Roughly, in the domain of influence of small intervals
where one has a uniform bound on the second derivative of the flux, the SBV-regularity is known for u,
and therefore, by Vol’per chain rule, also for f ′(u). The thesis then amounts in showing that there is a
countable covering by such domains of influence, and in the residual part of the domain, out of countable
many times, is made by points where either f ′′ vanishes, or one has jumps.

An extension holds for strictly hyperbolic systems [BiY]. When allowing linear degeneracy the SBV-
regularity does not in general hold for u. It does not hold even for the eigenvalue maps t 7→ λi(u(t, x)),
i = 1, . . . , N , as one could instead suspect at first instance. The objects which gain regularity are what are
called i-th components of the space derivative of these eigenvalues: the i-th is defined as the derivative of
λi in the direction of the i-th vector which is obtained in the decomposition of Dx u along a basis of (right)

eigenvectors of the Jacobian matrix of f , suitably specified at jump points. If Dx u = (νcont
i + νjump

i )r̃i,
then the i-th component is

(∇λi · r̃i) νcont
i +

(
λi(u

+)− λi(u−)
) |νjump

i |∑
k |ν

jump
k |

.

suitably specified at jump points, one can insert this decomposition into Dx(λi ◦ u) = ∇λi · (Da
x u +

DC
x u)+, and the i-th component in this decomposition is what gains SBV regularity [BiY]. Technically,

as the proof for the genuinely nonlinear case was relying on the classical version of the front-tracking
algorithm [Bre], this extension relies on the extension of the front-tracking algorithm given by Ancona-
Marson [AnM], much more complicated but with similar interaction estimates. Even if not extremely
different from the genuinely nonlinear case, the proof shows that the ones above are really the quantities
which come into play.

We conclude mentioning an earlier interesting extension by Dafermos [Daf]. He establishes the SBV-
regularity for self-similar solutions of genuinely nonlinear strictly hyperbolic systems of conservation
laws. It is regardless of the entropy condition, but it is a different analysis reducing, by the self-similarity
assumption u(t, x) = v

(
x
t

)
, the problem to ODEs along the straight rays exiting the origin. As mentioned

in Section 3.1, the genuine nonlinearity assumption cannot be substantially weakened, also in the self-
similar case.

The author thanks colleagues reading the paper for interesting comments. She has been supported by
the UK EPSRC Science and Innovation award to the Oxford Centre for Nonlinear PDE (EP/E035027/1).
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